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Abstract 
A (v, k, 1) packing design of order v, block size k, and index 1 is a collection of k-element subsets, 
called blocks, of a u-set, V, such that every 2-subset of V occurs in at most I blocks. The packing 
problem is to determine the maximum number of blocks in a packing design. In this paper we 
provide a powerful technique for constructing designs and solve the packing problem with k = 5, 
I = 2, and all odd numbers o, of 13 (mod 20), with the possible exception of v = 19,27, 137, 139, 147. 
1. Introduction 
A (u, k, 2) packing design of order u, block size k, and index 2 is a collection, fi, of 
k-element subsets, called blocks, of a u-set, V, such that every 2-subset of Voccurs in at 
most ,I blocks. 
Let a(~, k, 2) denote the maximum number of blocks in a (v, k, 1) packing design. 
A (II, k, 2) packing design with 1 /?I = a(~, k, 2) will be called a maximum packing design. 
The function a(~, k, 1) is of importance in coding theory since the block incidence 
vectors of a (u, k, 1) packing design form the codewords of a binary code of length 
u minimum distance 2(k- 1) and constant weight k. Thus a(u, k, 1) is the maximum 
number of codewords in such a code. 
Schoenheim [17] has shown that 
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where [x] is the largest integer satisfying [x] dx. Hanani [lo] has sharpened this 
bound in certain cases by proving the following result. 
Theorem 1.1. Zf A(u- 1) = 0 (mod k - 1) and Iu(u - l)/(k - 1) = 1 (mod k) then a(~, k, A) < 
$(u, k, 2) - 1. 
Other upper bounds on the function CJ(U, 5,1) have been given by Johnson [13] and 
Best et al. [S]. Lower bounds on ~(0, k, A) are generally given by construction of 
(a, k, A) packings. 
The value of a(u, 3,)) for all u and 1 has been determined by Schoenheim [17] and 
Hanani [lo]. The value of ~(u, 4, 1) has been determined for all u by Brouwer [S], 
and the value of (T(u, 4,n) for all u and A> 1 is given by Billington et al. [7] Assaf [l] and 
Hartman [12]. g(u, 5,4) for all u has been determined by Assaf and Hartman [3] and 
a(u, 6,5) for all u and a few possible exceptions has been determined by Assaf et al. [4]. 
In order to state the results known about a(u, 5, ;1), we need the following definition. 
A balanced incomplete block design B [u, k, A] is a (u, k, 2) packing design, where every 
2-subset of points is contained in precisely 1* blocks. If a B[v, k, L] exists, then it is 
clear that a(u, k, A)= Au(o- l)/k(k- l)= $(u, k, A), and Hanani [lo] has proved the 
following existence theorem for B[u, 5, A]. 
Theorem 1.2. Necessary and suj‘icient conditions for the existence of a B[u, 5, A] are 
Il(u-l)=O(mod4) and lu(u-l)=O(mod20) and(u,11)#(15,2). 
This theorem implies that ~(0, 5, 2) = $(u, 5, 2) for all u ~0 or 1 (mod 10). 
A resolvable balanced incomplete block design is one of which the blocks can be 
partitioned into parallel classes and denoted by RB [u, k, A]. Hanani et al. [ 1 l] proved 
the following theorem. 
Theorem 1.3. There exists a RB[u, 4, l] for all positive integers u=4 (mod 12). 
Define 
i 
W, 532) 
b(u’572)= $(u,5,2)-1 
if u - 3 (mod lo), 
ifu-7 or 9 (modlo). 
Our goal in this paper is to prove that a(u, 5,2)=&u, 5,2) for all odd v, 
uf 13 (mod 20), with few exceptions. Specifically, we prove the following theorem. 
Theorem 1.4. (1) For all odd integers v, u f 13 (mod 20), u # 17, 19, we have a(u, 5,2) 
= b(u, 5,2) with the possible exception of v= 19, 27, 137, 139, 147. 
2. Recursive constructions of packing designs 
In order to describe our recursive constructions, we need the notions of designs with 
a hole, transversal designs and truncated transversal designs. 
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A (u, k, A) packing design with a hole of size h is a triple (V, H, b), where Vis a u-set, 
H is a subset of I’ of cardinality h, and fi is a collection of k-element subsets of V, called 
blocks, such that 
(1) no 2-subset of H appears in any block, 
(2) every 2-subset of V appears in precisely i blocks, 
(3) IPI=Ic/(u, k, A)-$@, k, 2). 
A necessary condition for the existence of an exact (u, k, A) packing with a hole of 
size h is given by the following lemma. 
Lemma 2.1 (Assaf et al. [4]). Zf there exists an exact (u, k, A) packing design with a hole 
ofsize h then u>(k-l)h+l and i(u-h)=Omod(k-1). 
Let k, A, m and u be positive integers. A group divisible design GD[k, 2, m, u] 
is a triple (V, 8, y), where V is a set of points with 1 V/I = u, and y = {G,, . . . , G,} is 
a partition of V into r sets of size m. The parts, Gi, of the partition are called groups. 
The collection of /I consists of k-subsets of I’, called blocks with the following 
properties: 
(1) lBnGil< 1 for all BED and GiEy; 
(2) every 2-subset {x, y> of V such that x and y belong to distinct groups is 
contained in exactly 2 blocks. 
A group divisible design GD[k, A, w, kw] is called a transversal design denoted by 
T [k, A, w]. It is well known that a T [k, 1, w] is equivalent to k -2 mutually ortho- 
gonal Latin squares of side w. In the sequel we shall use the following existence 
theorem for transversal designs. The proofs of these results may be found in 
[6,9, 10, 16, 181. 
Theorem 2.2. There exists a T [6, 1, w] for all positive integers w, with the exception of 
w~(2, 3,4, 6) and the possible exception of WE{ 10,14,18,22,26,28,30,34,38,42,44,52}. 
We now give the definition of truncated transversal design. Let k, A and w be 
positive integers and let u be a nonnegative integer. A truncated transversal design 
TT [k, I,, w, u] is a triple (I’, p, y), where V is a set of points with 1 V/I = (k - 1) w + u and 
y=(Gi,..., Gk} is a partition of V into k - 1 sets of size w and one set Gk of size U. Gi 
are called the groups of the truncated transversal design. The collection /I consists of 
k-subsets and (k- 1)-subsets of V, called blocks with the following properties: 
(1) IBnGiI=l for all BE/I and l<i<k; 
(2) IBnG,I=l for all BEP such that IBI=k; 
(3) every 2-subset {x, y} of I’ such that x and y belong to distinct groups is 
contained in exactly 1 blocks. 
Clearly, TT[k, I, w, 0] is equivalent to a T [k - 1, A, w]. Furthermore, if 0 <U < w 
then one may construct a TT [k, 1, w, u] from a transversal design T[k, A, w] by 
removing points from the last group, and from all the blocks which contain them. 
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Thus we have the following existence theorems which are in the form most useful 
to us. 
Theorem 2.3. There exists a TT [6, 1, w, u] for all integers 0 <u < w and for all positive 
integers w, with the exception of w~(2,3,4,6} and the same possible exception as in 
Theorem 2.2. 
We can now give the recursive constructions used in the proof of our main theorem. 
But first we need the following lemma. 
Lemma 2.4. Zf there exists a TT [6, 1, w, u] then there exists a GD [S, 2 {2w, (2u)*}, 
lOw+2u], where * means there is exactly one group of size 2~. 
Proof. Take a TT [6, 1, w, u], and let X denote the pointset of this design. Construct 
a GD [S, 2, {2w, (2u)*), low +2u] by replacing each point XEX by two points {x0, x1} 
so the groups are of size 2w and 2~. On each block B of size 5 construct 
a GD [5,2,2, lo] in such a way that it has groups {b,, b,} for bEB. See [lo, p. 2781 for 
the existence of this design. Now on each block of size 6 construct a GD [S, 2, 2, 121 
where the groups are {b,, bI > for bEB. A GD[5,2,2, 121 can be constructed as 
follows. Let X = .Z2 x Z5 u{ a, b} ; then the required blocks are: 
((090) (0, 1) (092) (0, 3) (0,4)), 
((LO) (191) (192) (193) (1,4)), 
((0,O) (0,2) (1, 3) (L4) a> mod(-, 5), 
((0,O) (0,l) (L2) (L4) b) mod(-, 5). 0 
Similarly, if in the previous lemma we take a TT [6, ,I, w, u] (see [lo, p. 2781 for the 
existence of T[6,2, w], II> 1) and inflate by four, and on the blocks of size 5 and 
6 construct a GD [S, 1,4,20] and a GD [S, 1,4,24], respectively (these two designs 
exist by Theorem 1.2 since a B[v, k, l] is equivalent to a GD [k, 1, k- 1, v- l]), then 
we have a GD [S, A, {4w, (4u)*}, 2Ow +4u]. We write this as our next lemma. 
Lemma 2.5. Let w, u and A, A > 1, be positive integers; then there exists a GD [S, A, 
{4w, (4u)*}, 2Ow +4u], where * means there is exactly one group of size 4~. 
The following recursive construction is in the form most useful to us. 
Theorem 2.6. If there exists a GD [S, 2, { w, u*}, 5w + u] and there exists a (w + h, 5,2) 
packing with a hole of size h, then there exists a (5w + u + h, 5,2) packing with a hole of 
size u+h. Furthermore, zf a(u+h,5,2)=b(u+h,5,2) then a(5w+u+h,5,2)= 
b(5w + u + h, 5,2). 
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Proof. Add h points to the groups of size w of the GD [S, 2, {w, u*}, 5w +u] and 
construct a (w + h, 5,2) packing with a hole of size h. Then the last group with the 
h points is the hole of size u+h. It is clear that if a(u+h, 5, 2)=b(u+ h, 5,2) then 
a(5w+u+h, 5,2)=b(5w+u+h, 5,2). 0 
If in the definition of GD [k, I, m, u] (similarly T[k, A, m]) condition (2) is changed 
to be read as 
(2) every 2-subset {x, y} of Vsuch that x and y are neither in the same group nor in 
the same row is contained in exactly A blocks of /I, then the resultant design is called 
modified group divisible design (modified transversal design) and is denoted by 
MGD [k, 1, m, o] (MT [k, 1, m]). 
A resolvable modified group divisible design, RMGD [k, A, m, u], is a modified 
group divisible design where its blocks can be partitioned into parallel classes. 
It is clear that a RMGD [S, 1,5, 5m] is the same as a RT [S, 1, m] with one parallel 
class of blocks singled out, and since RT [S, 1, m] is equivalent to T[6, 1, m] we have 
the following theorem. 
Theorem 2.7. There exists a RMGD [S, 1, 5, 5m] for all m # 2, 3,4,6 and the possible 
exception ofmE{lO, 14, 18,22,26,28, 30, 34, 38,42,44, 52). 
The following two theorems are a special case of lemma 2.5 [2]. We prove the first 
one for the reader’s convenience. 
Theorem 2.8. Zf there exists a (1) RMGD [S, 1, 5, 5m], where m ~0, 1 or 4 (mod 5) or 
m E 1 (mod 3), and (2) a (20 + h, 5,2) packing design with a hole ofsize h then there exists 
a (20m + h + 4u + s, 5,2) packing design with a hole of size 4u + h + s, 0 Q u < m - 1, where 
s=O fmm=l(mod5), s=4 ifm=O or 4(mod5) and s=4(m-1)/3 $mml(mod3). 
Furthermore, if a(20 + h, 5,2) = b(20 + h, 5, 2) and a(4u + h + s, 5,2) = b(4u + h + s, 5, 2) 
then o(20m + 4u + h + s, 5,2) = b(20m + 4~4 + h + s, 5,2). 
Proof. Let X denote the pointset of RMGD [S, 1,5,5m] so that 1 X I= 5m. Inflate X by 
4, i.e. replace each point XEX by 4 points xi, . . . , x4. Now to the groups add h points 
and on each group construct a (20 + h, 5, 2) packing design with a hole of size h. Now 
take u, 0 < u < m - 1, parallel classes of the original design and to each parallel class 
add 4 points and construct a GD [S, 1,4,24], so we add a total of 4u points. On the 
remaining parallel classes of quintuples construct a GD [S, 1,4,20]. Finally, on the 
parallel class of block size m (these are the rows of RMGD [S, 1,5, 5m]) we distinguish 
three cases: 
(a) if m- 1 (mod 5) then construct a GD [S, 1,4,4m]; 
(b) if mr0 or 4 (mod 5) then add four points as a new group and construct 
a GD [S, 1,4,4m+4]; 
(c) if m= 1 (mod 3) then construct a RGD [4, 1,4,4m]. There are s=4(m- 1)/3 
parallel classes of quadruples, so add s new points to these parallel classes and take 
each parallel class 2 times. 
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Note that the designs in (a) and (b) are assured by Theorem 1.1 since a B [u, 5, l] is 
equivalent to a GD [S, 1,4, u- 11, and design (3) is assured by Theorem 1.3 since 
a RB [4, 1, v] is equivalent to a RGD [4, 1,4, v]. 
If in the previous theorem we inflate a RMGD [S, 1,5,5m] by two and on the 
parallel classes of quintuples we either construct a GD [S, 2,2, lo] or add two points 
to u parallel classes and construct a GD [S, 2,2, 121, and on the groups add a new 
point and construct a B[l 1,5,2] and on the parallel class of block size m construct 
a GD [S, 2,2,2m] or GD [S, 2,2,2(m + l)] then we have the following theorem. 
Theorem 2.9. If there exists a RMGD [S, 1,5,5m] and either a GD [S, 2,2,2m] or 
aGD[5,2,2,2(m+l)] then thereexistsa(10m+2u+1,5,2),O~ud(m-1)+e,pack- 
ing design with a hole of size 2u + 1, where e = 0 $a GD [S, 2, 2,2m] exists and e = 1 if 
a GD [S, 2,2,2(m + l)] exists. 
To apply the previous theorem we require the following constructions of 
GD[5,2,2,2m] for me{ll, 16,20,25}. 
Lemma 2.10. There exists a GD [S, 2,2,2m] for m = 11, 16, 20, 25. 
Proof. Form=11 let X=Zz2 andlet the groups be {i,i+ll}, i=O,...,lO; then the 
blocks are 
(0 1 2 5 10) mod 22, 
(0 2 6 9 16)mod22. 
For m= 16 let X= ZS2 and let the groups be {i, i+ 16}, i=O, . . . ,15; then the blocks 
are 
(0 1 2 4 ll)mod32, (0 4 10 19 24) mod 32, 
(0 3 8 15 2l)mod32. 
For m=20 let X=ZSSu{u, b} and let the groups be {i, i+ 19}u{a, b}, i=O, . . . . 18; 
then the blocks are 
(0 1 2 4 10) mod 38, (0 3 10 21 25) mod 38, 
(0 5 12 20 28) mod38, (k, k+5, k+14, k+27,f(k)), kEZ3g, 
where f(k) = a if k is even and f(k) = b if k is odd. 
For m = 25 let X = Zz x Zz5. On the 25 groups construct a B[25,5,1]. Now on 
each block of B[25,5, I] construct a GD [S, 2,2, 101. 0 
3. Proof of the main theorem 
Before giving an induction proof of Theorem 1.4, we require the direct construction 
of some packing designs with small values of u. It is trivial to observe that b(u, k, A) = 0 
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for all v< k. The next cases of interest are v=7,9 and these are covered in the next 
lemma. 
Lemma 3.1. ~$7, 5,2)=b(7, 5,2) and a(9,5,2)=b(9,5,2). 
Proof. For v=7 let X=Z7. Then the required blocks are 
(0 1 3 4 5) +i, iE.Z,. 
For v = 9 let X = Z3 x Z3. Then the required blocks are 
((0,O) (0, 1) (IO) (L2) (2, I)) mod (-, 3), 
((0,O) (0,2) (LO) (2, 1) (2,2)) mod (-, 3). 0 
The case v= 17 was investigated by Mathon and N. Shalaby in [14], where they 
proved the following lemma. 
Lemma 3.2. ~(17, 5, 2)=b(17, 5, 2). 
Lemma 3.3. For all v = 3 (mod 20) there exists an exact (v, 5,2) packing design with 
a hole of size 3, and as a result a(v, 5,2)= b(v, 5,2) for all v= 3 (mod 20). 
Proof. For all v E 3 (mod 20) we may construct a (v, 5,2) packing design with a hole of 
size 3 as follows: 
(i) take the blocks of a B[v- 2,5, 11, 
(ii) take the blocks of a B [v +2, 5, l] and assume we have the block (v-2, 
v - 1, v, v + 1, v + 2). Drop this block and in all other blocks change v + 2 to v and v + 1 
to v-l. 0 
We now give a table describing the construction of some exact (v, 5, 2) packing 
designs with a hole of size it. In general, the construction is as follows. Let 
X=Z, x ZCv-n),2 uH, or X=Z,_,uH,, where H,={hI, h*,...,h,} is the hole. The 
blocks are constructed by taking the orbit of the tabulated base blocks mod(v-n)/2 
or mod (v-n), respectively, unless it is otherwise specified. 
For brievity we will use the following notation: A block (k, k+m, k+n, k+g, 
f(k)) (mod v), where f(k) = a if k is even and f(k) = b if k is odd, will be denoted by 
(0, m, n, g)u{a, b}. Similarly, with blocks with points of two coordinates. 
We now prove four theorems that lead to the proof of the main theorem. 
Theorem 3.4. For all v = 7 (mod 20) v ~27, 147, there is an exact (v, 5,2) packing 
design with a hole of size 7. 
Proof. For v = 47, 67 the constructions are given in Table 1. For all other values of 
v, vZ27, 147, we distinguish the following cases: 
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Table 1 
” n Point set Base blocks 
29 
37 
39 
47 
49 
59 
67 
69 
71 
79 
7 
9 
7 
1 
9 
7 
7 
9 
9 
I 
Z,ouH, 
Z,suH, 
See [15] 
Add 9 points to the 9 parallel classes of a RB [28,4, l] 
See 1151 
((0,O) (0,4) (0, 8) (0, 12) (0, 16)) +i, iEZq twice 
((LO) (1,4) (1, 8) (1, 12) (1, 16))+i, ig.Z, 
((O,O) CO,21 (1,3) Cl,41 (1,9)) 
(CO,01 (LO) (1, 11) (1, 13) (1, 16)) 
(CO,01 (0, 1) (0, 7) (0, 10) (1, 15)) 
<CO,01 (0, 11) (1, 7) (1, 17) h,) 
<CO,01 (0, 15) (1, 5) (1, 12) h,) ((O,O) (0, 15) Cl,31 (1,9) hz) 
((O,O) (0, 14) (1,12) (1, 15) 0 ((O,O) (0, 13) (1, 14) (1, 16) h,) 
((0.0) (1, 10) (1, 18) (1, 19))u(h,, h,) 
((O,O) (0, 17) (0, 19) (1,19))u@,, h,) 
(0 8 16 24 32)+i,isZ, 
(0 6 20 26 cog) halforbit 
(0 14 18 25 30) (0 1 2 9)u{m,m,} 
(0 2 5 23)u{m,m,}(O 3 9 3O)u{m,m,} 
(0 4 15 27)u{m,co,} 
See [15] 
On Z, x Z,,u{h,} construct a B[61,51, l] and take the following blocks 
(CO,01 (0, 12) (0, 14) (0,251 (1, 1)) 
((O,O) (1, 11) (1, 20) (1,231 (1,251) 
(CO,01 (0, 15) (l,O) (1, 15) h,)+(-i), ieZI, 
((O,O) (0,6) (1, 5) (1, 13) h,) 
((O,O) (0, 10) (1, 22) (1,261 h,) 
((030) (0, 1) (099) (1>3Du{h,, ha} 
(CO,01 (1,4) (1, 10) (1,27))u{h,, h4} 
(CO,01 CO,31 (0, 7) (1,2lDu{h,, h,} 
(CO,01 Cl,81 (1,9) (1,28D+,, h,} 
(0 12 24 36 48)+i,igZ12 
(0 14 30 44 ms) half orbit 
(0 6 18 28 37) (0 2 10 13 28) 
(0 1 5 20 26) (0 9 25 36)u{h,,h2} 
(0 7 21 38)u{h,,h,} (0 4 17 37)u{h,,h6} 
(0 1 3 8Mh,> hs1 
(0 1 3 11 25) (0 8 11 25 37) 
(0 1 5 23 33) (0 7 9 27 33) 
(0 5 21 52)u{h,,h,} (0 6 15 55)u{h,,h,} 
(0 7 19 48)u{h,,h,} (0 13 30 45)u{h,,h,} 
(0 30 34 64 h,) half orbit 
(0 4 36 40 /I,) half orbit 
(0 1 3 7 21) (0 3 11 25 38) 
(0 7 9 19 37) (0 15 16 21 41) 
(0 9 26 38 48) (0 5 28 45)u{h,, h,} 
(0 8 23 39)u{h,,h,} (0 11 24 53)u{h,,h,} 
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Table 1. Continued 
97 9 ZasuH9 (0 25 44 69 h,) half orbit 
(0 7 13 35 50) (0 2 5 32 36) 
(0 8 24 41 70) (0 5 20 32 48) 
(0 2 22 41 52) (0 3 7 13 21) 
(0 1 24 55)u{h,,hz} (0 9 26 Sl)u{h,,h,} 
(0 9 21 74)u{h,,h,) (0 1 11 40)u{h,,h,} 
99 7 ZwuH, (0 29 46 65 co,) half orbit 
(0 1 3 12 72) (0 4 10 18 62) 
(0 13 28 50 67) (0 7 19 35 66) 
(0 2 16 51 58) (0 3 11 21 65) 
(0 4 24 43 83) (0 1 6 67)u{al, CD~} 
(0 15 37 60)u{m,,co,} (0 5 29 56)u{co,, 00s) 
Table 2 
u W u h Theorem u w u h Theorem 
87 16 2 5 2.3 527 96 42 5 2.3 
127 24 6 1 2.3 567 96 82 5 2.3 
167 32 0 7 2.3 607 120 4 3 2.3 
207 40 2 5 2.3 647 120 44 3 2.3 
247 40 40 7 2.3 687 136 2 5 2.3 
267 52 0 7 2.3 887 176 2 5 2.3 
Case 1: v= 7,27 or 87 (mod 100). In this case for all v> 107, v=20m+ 7, where 
m > 5 and m = 0, 1 or 4 (mod 5). By Theorem 2.7 there exists a RMGD [S, 1,5,5m] for 
all such m with the exception of mE{6,10,14,26,30,34,44}; apply Theorem 2.8, with 
h= 3 and the appropriate values of u and s, to give the result. For u=287 apply 
Theorem 2.9 and lemma 2.10 with m = 24 to give a hole of size 47, and since 47 has 
a hole of size 7 the result follows. For v = 87, 127,207, 527, 607, 687, 887 see Table 2. 
Case 2: u = 47 or 67 (mod 100). In this case we prove that for all such v, u # 147, 
there is a hole of size 47, and since there is an exact (47, 5,2) packing design with a hole 
of size 7 it follows that for all v-47 or 67 (mod loo), v# 147, there is an exact (v, 5,2) 
packing design with a hole of size 7. Simple calculation shows that for all v z 347, v can 
be written as v = 20m + 47, where m 3 15 and m = 0 or 1 (mod 5). By Theorem 2.7 there 
exists a RMGD [S, 1, 5, 5m] for all such m, m#26, 30; apply Theorem 2.8 with h= 3 
and the appropriate values of u and s to give the result. For v = 167,247,267,567,647 
see Table 2. Similarly, we can prove the following theorem. 
Theorem 3.5. For all u = 9 (mod 20), v ~29,269, there is an exact (v, 5,2) packing 
design with a hole of size 9, for v = 29 there is a hole of size 7, and for v = 269 there is 
a hole of size 29. 
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Table 3 
” w u h Theorem v W u h Theorem 
89 16 4 5 2.3 569 96 84 5 2.3 
129 24 8 1 2.3 609 120 4 5 2.3 
209 40 4 5 2.3 649 120 44 5 2.3 
249 40 49 9 2.3 689 136 4 5 2.3 
529 96 44 5 2.3 889 176 4 5 2.3 
Proof. For v = 29,49,69 the constructions are given in Table 1. For all other values of 
v we distinguish the following cases. 
Case 1: v=9,29 or 89 (mod 100). In this case for all VB 109, v can be written as 
v = 20m+ 9, where m > 5 and m = 0, 1 or 4 (mod 5). By Theorem 2.7 there exists 
a RMGD [S, 1,5,5m] for all such m with the exception of mE{6,10,14,26,30,34,44}; 
apply Theorem 2.8 with h = 1 or 5. For v = 289 apply Theorem 2.9 and Lemma 2.10 
with m=24. For v= 89, 129,209, 529,609,689, 889 see Table 3. 
Case 2: v =49 or 69 (mod 100). In this case we prove that for all such v, v #269, 
there is a hole of size 49, and since there is an exact (49, 5,2) packing design with a hole 
of size 9 it follows that for all v-49 or 69 (mod lOO), vZ269, there is an exact (v, 5,2) 
packing design with a hole of size 9. Simple calculations show that for all v 3 349, v can 
be written as v = 20m + 49, where m > 15 and m E 0 or 1 (mod 5). By Theorem 2.7 there 
exists a RMGD [S, 1, 5, 5m] for all such m, m # 26, 30; apply Theorem 2.8 with h = 1 or 
5 to get the result. For v = 149 apply the same theorem with m = 7, and for v = 169,269 
apply Theorem 2.9 and Lemma 2.10 with m = 16, 24, respectively. For 
v = 249, 569, 649 see Table 3. 
Theorem 3.6. For al2 v= 17 (mod 20), v # 137, there is an exact (v, 5,2) packing design 
with a hole ofsize u, where u~(7, 17, 37,47, 57,77}. 
Proof. For ~697, v# 17 see Table 1. For all other values of v we distinguish the 
following cases. 
Case 1: v- 17, 37 or 57 (mod 100). In this case for all ~2217, v can be written as 
v=20m+ 37, where ma9 and mr0, 1, or 4 (mod 5). By Theorem 2.8 there exists 
a RMGD [S, 1,5,5m] for every such m with the exception of mE{lO, 14,26, 
30,34,44}; apply Theorem 2.8 with h = 1 or 5 to get the result. For v= 117 apply 
Theorem 2.9 and Lemma 2.10 with m=ll. For v= 157,237,557,637,717,917 see 
Table 4. 
Case 2: v E 77 (mod 100). In this case for all v > 377, v can be written as v = 20m + 57, 
where m>, 16 and m- 1 (mod 5). By Theorem 2.7 there exists a RMGD [S, 1,5, 5m] for 
all such m with the exception of m=26; apply Theorem 2.8 with h= 1 or 5 to get the 
result. For v= 177, 277, 577 see Table 4. 
Table 4 
Packing pairs by quintuples with index 2 11 
” W u h Theorem u W l4 h Theorem 
157 30 6 1 2.3 557 100 56 1 2.3 
177 34 6 1 2.3 577 114 6 1 2.3 
231 40 32 5 2.3 597 110 46 1 2.3 
277 54 6 1 2.3 637 120 32 5 2.3 
297 50 46 1 2.3 717 134 46 1 2.3 
317 54 46 1 2.3 917 174 46 1 2.3 
397 70 46 1 2.3 
Case 3: u = 97 (mod 100). In this case for all v > 497, v can be written as v = 20m + 77, 
where m b 2 1 and m = 1 (mod 5). By Theorem 2.7 there exists a RMGD [S, 1, 5, 5m] for 
all such m with the exception of m= 26. Apply Theorem 2.8 with h= 1 or 5 to get 
the result. For v= 197 apply Theorem 2.9 and Lemma 2.10 with m = 19. For 
v=297,397, 597 see Table 4. 
In a similar way we can prove the following theorem. 
Theorem 3.7. For all us 19 (mod 20), v # 19, 139, there is an exact (u, 5,2) packing 
design with a hole of size u, where u~(7, 9, 39,49, 59, 79). 
Proof. The proof of this theorem is the same as that for the previous theorem and 
even the exceptional cases are handled in the same way. We only need to increase u of 
Table 4 by 2. 0 
The following lemma is our main reason for constructing exact packing designs 
with holes. 
Lemma 3.8. If an exact (v, 5,2) packing with a hole of size h exists and a(h, 5, 2) = 
b(h, 5, 2) then (T(v, 5,2)=b(h, 5, 2). 
Proof. Form the blocks of an (h, 5,2) packing with b(h, 5,2) blocks on the points of 
the hole. Adding the blocks of the exact packing design gives a (v, 5,2) packing design 
with b(v, 5,2) blocks. 
Now we are able to 
Proof of Theorem 4.1. 
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